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A B S T R A C T   

We propose a squared and rectangular quadrature amplitude modulation (QAM) compatible decoder (SRCD) for spectrally efficient frequency division multiplexing 
(SEFDM) systems, which can be applied to M2 (M = 2p, p = 1, 2, 3, …) QAM and rectangular QAM constellations without needing specifically designed soft mapping 
strategies, showing better transmission performance compared to the conventional iterative detection (ID) decoder. Different from the ID decoder, the proposed 
SRCD applies separate detection to the in-phase and the quadrature components of complex-valued symbols based on the real-valued property of the correlation 
matrix, leading to better performance. To verify the effectiveness of the proposed scheme, we experimentally study the performance of four different types (circular, 
rectangular, star, and square constellations) of 8-QAM using SRCD or ID in SEFDM systems. Experimental results have shown that the rectangular 8-QAM with SRCD 
can achieve a spectral gain of about 11.1 %, while still outperforming other 8-QAM formats without bandwidth compression, indicating the superiority of the 
proposed SRCD in SEFDM optical systems.   

1. Introduction 

Given the advantages such as high cost-effectiveness and simple 
implementation, the intensity-modulation/direct-detection (IM/DD) 
optical system has been extensively studied in some important scenarios 
such as data center networks, visible light communications, and passive 
optical networks [1–3]. Different from coherent optical systems [4], 
only the dimension of intensity is utilized to carry signals in IM/DD 
optical systems. Therefore, low spectral efficiency (SE) becomes one of 
their primary disadvantages. To cope with this challenge, many 
advanced modulation formats have been investigated for IM/DD optical 
systems, e.g., pulse amplitude modulation (PAM), carrier-less amplitude 
and phase modulation (CAP), half-cycle quadrature amplitude modu-
lation (QAM), and orthogonal frequency-division multiplexing (OFDM) 
[5–8], among which OFDM possesses the merits of flexible modulation 
and robustness against fiber chromatic dispersion (CD) [9]. 

Recently, by further reducing frequency spacing between neigh-
boring subcarriers beyond the Nyquist limit, spectrally efficient fre-
quency division multiplexing (SEFDM) was proposed and has received 
extensive attention in the fields of wireless and optical communications 
due to its higher SE than OFDM can hold [10,11]. However, the pur-
posely induced violation of the orthogonality results in additional inter- 
carrier interference (ICI) which becomes the prominent impairment in 

SEFDM systems [12–14]. To effectively eliminate ICI, maximum likeli-
hood (ML) was proposed as the optimum detector. However, its expo-
nential computational complexity prevents it from being implemented 
in practical applications [15,16]. In [17], to realize ML detection with 
reduced complexity, the authors proposed employing a sphere decoder 
(SD) whose complexity still increases significantly when the SEFDM 
system has a large number of subcarriers, small bandwidth compression 
factor (BCF), or low signal-to-noise ratio (SNR) level [14]. On the other 
hand, some linear algorithms such as zero-forcing (ZF) and minimum 
mean squared error (MMSE) have proven to be no longer feasible for 
SEFDM due to the influence of ICI [18–21]. Therefore, to realize efficient 
detection with relatively low complexity in SEFDM systems, iterative 
detection (ID) with soft decision was proposed in [22]. However, the ID 
algorithm needs different mapping strategies for different modulation 
formats modulated onto the subcarriers of SEFDM signals, which can be 
attributed to its joint detection of the in-phase and quadrature (I/Q) 
components of complex-valued symbols, leading to limited transmission 
performance [23]. The cascaded binary-phase-shift-keying iterative 
detection (CBID) was proposed in [24] to solve the constraints of ID. 
However, it is still limited to the application of squared QAM constel-
lations due to its joint iteration of the I and Q components. For non- 
squared QAM constellations, such as rectangular 8-QAM constellations 
and 32-QAM constellations, the decoding still needs to be implemented 
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by the conventional ID algorithm with specifically designed mapping 
strategies [25]. 

In this work, based on the real-valued property of the correlation 
matrix of the SEFDM system, we propose a squared and rectangular 
QAM compatible decoder (SRCD). The proposed SRCD can separately 
detect the I/Q components of complex-valued symbols by iterating the I/ 
Q components separately, which is different from the joint iteration of 
the I/Q components in CBID, and is, therefore, suitable for both squared 
(e.g., M2-QAM, where M = 2p, p = 1, 2, 3, …) and rectangular QAM 
constellations. By using this SRCD, we can achieve better decoding 
performance in eliminating ICI than the conventional ID algorithm can, 
and at the same time solve the limitation of CBID that can only be 
applied to squared QAM constellations, thus improving compatibility 
and flexibility. We further investigate the performance of four different 
8-QAM formats, i.e., circular, rectangular, star, and square constella-
tions, used in SEFDM systems. Experimental results show that the con-
ventional ID is sensitive to different 8-QAM formats by comparing it in 
an SEFDM system with the logarithmic-maximum-a-posteriori (log- 
MAP) Viterbi decoder [14] that is a maximum likelihood demodulation 
algorithm and the conventional OFDM system without bandwidth 
compression. When the ID or the SRCD is used, the rectangular 8-QAM 
formant with the proposed SRCD can outperform the other schemes. 
Specifically, under a bandwidth-limited scenario, the experimental re-
sults show that the proposed scheme can achieve a spectral gain of about 
11.1 %, while still outperforming the other 8-QAM constellations even 
without bandwidth compression. All results indicate the great potential 
of the proposed SRCD for SEFDM optical systems. 

2. Principle 

2.1. SEFDM system 

Fig. 1 illustrates the basic principle of SEFDM. From the sketched 
spectra, we can see that the spacing between two neighboring sub-
carriers in SEFDM is compressed by a BCF of α (<1) compared to the 
conventional OFDM. Hence, the overall bandwidth can be further 
reduced by such an orthogonality violation. It should be noted that there 
are several existing algorithms for the generation of a real-valued 
SEFDM signal [26–33] in IM/DD optical communication systems. The 
modified fractional discrete Fourier transform (mFrDFT) proposed in 
[32] has great flexibility and compatibility, which is therefore used to 
generate SEFDM signals in this work. The generated real-valued SEFDM 
using mFrDFT can be expressed by 

X = FS, (1) 

where S is an N-dimensional vector representing the symbols map-
ped in the frequency domain, X is an N-dimensional vector denoting the 
SEFDM symbol obtained in the time domain, and F is an N × N inverse 
mFrDFT (ImFrDFT) matrix. This matrix is given as: 

F =
1̅
̅̅̅
N

√ ×

⎡

⎢
⎢
⎢
⎣

eβk1n1 ⋯ e
βk1

(
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e
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where β = j2πα/N. k1 = 0, 1, ...,N/2 - 1 and k2 = N/2 + 1,N/

2 + 2, ..., -N1 denote the row indices, n1 = 0, 1, ...,N/2-1 and n2 =

Fig. 1. The sketched spectra of (a) OFDM and (b) SEFDM (α = 0.9).  
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N/2 + 1,N/2 + 2, ...,N-1 represent the column indices. From (2), we 
can see that F can be divided into four submatrices separated by the 
N/2-th row and the N/2-th column. To generate a real-valued signal, we 
should ensure the symmetric property for the frequency distribution of 
the subcarriers. Thus, the elements of the N/2-th row and the N/2-th 
column are set as zero frequency, i.e. ejπn1 , ejπn2 , ejπk1 , and ejπk2 , respec-
tively. It should be noted that F is the conventional IDFT matrix when α 
= 1 and the system corresponds to OFDM, while it becomes SEFDM for α 
< 1. The SE gain that SEFDM can achieve in comparison with OFDM is 
defined by [14] 

η =
1 − α

α × 100%. (3) 

Take α = 0.9 as an example, SEFDM yields a spectral gain of 11.1 %. 
In an additive white Gaussian noise (AWGN) channel, the received 

signal is given by 

R = F∗(X + W) = CS+F∗W, (4) 

where the conjugate matrix F∗ is the mFrDFT matrix and is used for 
demodulating the detected signal at the receiver side, C = F∗F is the 
correlation matrix, and W represents the AWGN matrix. C is an identity 
matrix for α = 1, while those off-diagonal elements of C are not zero for 
α < 1, leading to self-created ICI. 

2.2. SRCD 

As aforementioned, additional decoding is necessary at the receiver 
side to remove the self-created ICI due to the non-zero off-diagonal el-
ements of C. In the widely used ID algorithm [22], S can be recon-
structed by the following iterative equation, 

Ŝl = R+(I − C)Ŝl− 1, (5) 

where Ŝl is the estimated symbols after the lth iterations, Ŝl-1 is the 
estimated symbols after the (l–1)th iterations, and I is an N × N identity 
matrix. The initial value Ŝ0 is set to R in this algorithm. 

Each iteration consists of two steps, i.e., (1) iteration calculation and 
(2) the soft mapping applied to the estimated symbols after iteration 
calculation. For example, Fig. 2 depicts the soft mapping strategy of 4- 
QAM ID. The threshold interval is set to 

Δd = 1 −
l
L
, (6) 

where L is the total number of iterations that we set in the ID 

algorithm. Only the symbols that fall in the threshold area (area A) are 
mapped onto the corresponding constellation points in each iteration, 
leaving the other symbols unchanged. By setting the threshold interval 
converging from near zero to the hard decision boundaries, we can make 
decisions on the calculated symbols with increasing confidence and less 
ICI interference. 

Nonetheless, we can see that the performance of this 4-QAM ID is not 
optimal. During the mapping process, only the symbols located in area A 
satisfying both in-phase and quadrature threshold restrictions are 
mapped in each iteration. However, those symbols located in area B also 
have high confidence in one component (I or Q), but cannot be effi-
ciently utilized in this case, leading to suboptimal decoding perfor-
mance. Although the CBID algorithm proposed in [24] can solve this 
problem by I/Q separate mapping, it can only be used for squared QAM 
constellations due to its joint iteration of the I/Q components, which 
results in its relatively poor compatibility and flexibility. To solve this 
problem, the SRCD has therefore been proposed in this work. 

Notice that the correlation matrix C is a real-valued matrix. Hence, in 
the proposed SRCD, the decoding process of in-phase and quadrature 
components in (5) can be calculated separately as 

real(Ŝl) = real(R) + (I − C)real(Ŝl− 1)

imag(Ŝl) = imag(R) + (I − C)imag(Ŝl− 1),
(7) 

where real(⋅) and imag(⋅) denote the real part and the imaginary part 
of a complex number or vector, respectively. Eq. (7) shows that the real- 
valued property of the correlation matrix C can be utilized to separately 
decode the I/Q components of received complex-valued symbols, lead-
ing to increased compatibility and flexibility compared to the CBID 
algorithm. 

We assume that the number of possible levels for one component (I or 
Q) is M. Then, the value of the level is chosen from {±1, ±3, …, ±(M −
1)}, which can be seen as the sum of (M − 1) binary phase-shift keying 
(BPSK) signals. Similar to the concept of CBID proposed in [24], the ID 
process can be therefore broken into (M − 1) stages. Finally, this 
component of symbols can be decoded by (M − 1) stages of real-valued 
cascaded BPSK ID. The procedure of detection is illustrated in Fig. 3, 
where M = 4 in this example. 

Let Rm be the output symbols of the (m − 1)th stage as well as the 
input of the mth stage, and Sm be the output symbols of the mth stage. The 
relationship between Rm and Sm is given by 

Rm = Rm− 1 − CSm− 1. (8) 

In the mth stage, the iteration for I or Q components is the same as (7), 
except the threshold interval during the mapping process is changed as 

Δdm = (M − m)(1 − l/L). (9) 

The final output of one component is S =
∑

mSm. Hence, we can 
easily realize the demodulation of QAM symbols with rectangular con-
stellations by using this scheme, which cannot be directly achieved by 
the conventional CBID. 

3. Experimental setup 

The experimental setup and the digital signal processing (DSP) are 
depicted in Fig. 4. The SEFDM signals were generated offline using 
MATLAB. The pseudo-random binary sequence (PRBS) was first gener-
ated and mapped onto 8-QAM symbols at the transmitter side. Then, (N/ 
2 − 1) effective subcarriers are mapped with 8-QAM symbols and used 
to perform Hermitian symmetry, along with an N × N ImFrDFT matrix, 
for the generation of a real-valued SEFDM signal, where N was set to 
128. The zero-frequency subcarriers are reserved for the DC bias. After 
that, the cyclic prefix (CP) with a length of 1/16 of one SEFDM symbol 
was added to combat CD. To estimate the channel response, 30 blocks of 
4-QAM training sequences (TSs) were added before 530 blocks of 
SEFDM payload symbols. After parallel-to-serial (P/S) conversion, the 

Fig. 2. Mapping strategy of 4-QAM ID.  
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generated real-valued digital signal was transformed into an analog 
signal by using a 12-GSa/s arbitrary waveform generator (AWG) (Tek-
tronix 7122C). Therefore, the data rate of this 8-QAM SEFDM signal is 
15.78(≈12 × 3 × 63/128 × 16/17 × 530/560) Gb/s. The output signal 
from AWG was first amplified by an electrical amplifier (EA, SHF 806E) 
with 26-dB gain. A narrow-linewidth tunable laser (NKT Koheras 
ADJUSTIK) with a central wavelength at 1550 nm and output optical 
power of 5-dBm was utilized as the laser source. Then, a Mach-Zehnder 
modulator (MZM) biased at the quadrature point converted the ampli-
fied electrical signal into the optical domain. 

After 50-km standard single-mode fiber (SSMF) transmission, an 
erbium-doped fiber amplifier (EDFA, Amonics AEDFA-PA-30) was 
inserted as a preamplifier to compensate for the link loss, followed by an 
optical bandpass filter (OBPF, BVF-300CL) to remove the out-of-band 
amplified spontaneous emission (ASE) noise. Then, a variable optical 
attenuator (VOA) was employed to set the received optical power (ROP) 
for the performance evaluation. The signal was detected by a 50-GHz 

photodiode (PD, XPDV 2020R) integrated with another EA (SHF 
806E) with 26-dB gain. Before being captured by a real-time oscillo-
scope (KEYSIGHT DSAV334A) operating at 20-GSa/s, we used an elec-
trical low pass filter (ELPF) with 7.2-GHz bandwidth to filter out the out- 
of-band noise. Fig. 6(a) and Fig. 6(b) show that the channel response of 
our system is relatively flat. In this work, we also used another ELPF with 
5.5 GHz bandwidth to investigate the performance of our scheme 
working in a bandwidth-limited scenario, where its channel response is 
shown in Fig. 6(c) and Fig. 6(d). In the receiver side DSP, frame syn-
chronization was performed before serial-to-parallel (S/P) conversion, 
CP removal, channel estimation and equalization [34]. The SEFDM 
demodulation was then implemented by the mFrDFT. To eliminate the 
purposely-induced ICI, either ID or the proposed SRCD was employed. 
The specially designed mapping strategies using the ID algorithm for 
these four 8-QAM formats are illustrated in Fig. 5, where the square 8- 
QAM depicted in Fig. 5(c) does not have the constellation point of (0, 
0), so it is very different from those classical ‘squared QAM’ formats. To 

Fig. 3. Example cascaded BPSK iterative detecting structure for M = 4..  

Fig. 4. Experimental setup and DSP for SEFDM transmission over SSMF (DFB Laser: distributed feedback laser, AWG: arbitrary waveform generator, EA: electrical 
amplifier, MZM: Mach-Zehnder modulator, SSMF: standard single mode fiber, EDFA: Erbium-doped fiber amplifier, OBPF: optical bandpass filter, VOA: variable 
optical attenuator, PD: photodiode, ELPF: electrical low pass filter). 
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illustrate the actual meaning of the distance labels ‘d1 − d4′ in Fig. 5, we 
can take Fig. 5(b) as an example. The hard decision boundary between 
the constellation points (0, 0) and (2.306, 0) is x = 1.153, and then the 
distance from these two points to the hard decision boundary is both 

1.153. Thus, the update of d1 is similar to Eq. (6), but needs to be 
multiplied by a coefficient of 1.153 based on the ID algorithm. It should 
be noted that SRCD can only be applied to the rectangular 8-QAM format 
among all four 8-QAM formats shown in Fig. 5. After ICI elimination and 
QAM de-mapping, the bit-error rate (BER) was finally calculated. 

4. Experimental results 

This section describes the back-to-back (BTB) and 50-km SSMF 
transmission performance of the SEFDM signals in the C-band. In Section 
4.1, the ELPF used had a bandwidth of 7.2-GHz to emulate a system with 
a relatively flat channel response. Fig. 7 presents the electrical spectra of 
the received SEFDM signals with different α. In Section 4.2, the ELPF 
used had a bandwidth of 5.5 GHz to emulate a bandwidth-limited 
system. 

4.1. Experimental results based on 7.2-GHz ELPF 

Fig. 8 shows the transmission performance of the SEFDM signals with 
different BCFs and different 8-QAM formats after BTB and 50-km 
transmission, respectively, where the soft-decision (SD) forward error 
correction (FEC) threshold (2 × 10− 2), hard-decision (HD) FEC 
threshold (4.7 × 10− 3) [35], and KP4-FEC threshold (2.2 × 10− 4) are 
given for performance evaluation. The ID was applied to all 8-QAM 
formats, where the number of iterations has been optimized for 
different α. Meanwhile, the proposed SRCD was employed in the rect-
angular 8-QAM SEFDM system for comparison with the conventional ID 

Fig. 5. Specially designed mapping strategies using the ID algorithm for (a) rectangular 8-QAM constellation, (b) circular 8-QAM constellation, (c) square 8-QAM 
constellation, and (d) star 8-QAM constellation. 

Fig. 6. Channel response with a 7.2-GHz ELPF at (a) BTB, (b) 50 km trans-
mission, and with a 5.5-GHz ELPF at (c) BTB, (d) 50 km transmission. 
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algorithm. For α < 1, we can see from Fig. 8 that the SRCD outperforms 
the ID in the rectangular 8-QAM SEFDM system. Moreover, the perfor-
mance gap between the two decoders increases with the decrease of α, 
indicating the superiority of the proposed SRCD. This can be attributed 

to the I/Q separation during the decoding process in SRCD, guaranteeing 
more efficient ICI elimination. The received constellation diagrams of 
rectangular 8-QAM SEFDM signals with α = 0.9 using ID and SRCD are 
compared in Fig. 9, verifying the effectiveness of the proposed SRCD. 

Fig. 7. The electrical spectra of the received SEFDM signals with a BCF of (a) 1, (b) 0.9, and (c) 0.85, respectively, where the bandwidth of the ELPF is 7.2 GHz.  

Fig. 8. Measured BER versus ROP at BTB with (a) α = 1, (c) α = 0.9, and (e) α = 0.85, and after 50-km transmission with (b) α = 1, (d) α = 0.9, and (f) α = 0.85, 
where the bandwidth of the ELPF is 7.2-GHz. 
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Meanwhile, we can see from Fig. 8 that for different α, the optimal 8- 
QAM constellation is also different. For instance, when α = 1 corre-
sponding to the conventional OFDM system, the circular 8-QAM per-
forms best due to its largest Euclidean distance [25], while the 
rectangular 8-QAM with SRCD performs best for α = 0.9 and 0.85. This 
performance ranking under α = 0.9 and 0.85 are caused by the sensi-
tivity of the ID algorithm to different 8-QAM formats, which means that 
the ID algorithm is more effective for square 8-QAM format than the 
other three types of 8-QAM formats in eliminating the ICI. To verify our 
assumption, in Fig. 10, we give the BER performance of four 8-QAM 
formats using the log-MAP Viterbi decoder which is a maximum likeli-
hood demodulation algorithm and is insensitive to different 8-QAM 
modulation formats, where the number of surviving paths for the log- 
MAP Viterbi decoder was set to 8 which can yield the saturate perfor-
mance [14]. It can be seen from Fig. 10 that in the case of using the log- 
MAP Viterbi decoder, the performance ranking under α = 0.9 and 0.85 
with the log-MAP Viterbi decoder is the same as the conventional OFDM 
case shown in Fig. 8(a), verifying the above assumption. 

4.2. Experimental results based on 5.5-GHz ELPF 

We have also investigated the performance of the proposed scheme 
under a bandwidth-limited condition by replacing the 7.2-GHz ELPF 
with a 5.5-GHz ELPF. As shown in Fig. 11, we have studied BER versus 
BCF for different 8-QAM constellations. We can see from the figure that 
the rectangular 8-QAM can not provide a performance advantage with 
ID algorithm for α = 0.9, and α = 0.85 compared with α = 1 since the ID 
algorithm has a limited ability in eliminating ICI. Meanwhile, the rect-
angular 8-QAM combined with the proposed SRCD achieves the optimal 
performance with a spectral gain of about 11.1 %, and becomes the only 
one meeting the HD-FEC requirement, indicating the effectiveness of the 
proposed scheme. 

5. Summary 

In this paper, we have proposed a novel soft-decision decoder, called 
SRCD, which presents improved compatibility and flexibility compared 
with the CBID algorithm, and achieve better performance compared 
with the conventional ID algorithm. The proposed scheme utilizes 
separate detection of the in-phase and the quadrature components of a 
complex-valued SEFDM signal based on the real-valued property of the 
correlation matrix, making it suitable for squared and rectangular QAM 
formats with more effective ICI elimination. Moreover, to the best of our 
knowledge, we first evaluated the performance of four types of 8-QAM 
formats employed in SEFDM systems. Experimental results show that 
the performance of ICI elimination for these four 8-QAM formats is also 
dependent on the decoder used at the receiver side. Finally, we have 
shown that when using the proposed SRCD, the SEFDM signal with the 
rectangular 8-QAM format corresponding to 11.1 % bandwidth 
compression can even outperform the OFDM signal modulated by all 
other 8-QAM formats in a bandwidth-limited optical system, indicating 
the great potential of the proposed scheme to be used in SEFDM optical 
systems. 
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Fig. 9. Received constellations of the rectangular 8-QAM SEFDM signal with α 
= 0.9 (a) before ICI elimination, (b) after ID, and (c) after SRCD. 

Fig. 10. Measured BER versus ROP after 50-km transmission with log-MAP 
Viterbi decoder, where the bandwidth of the ELPF is 7.2-GHz. 

Fig. 11. Measured BER versus BCF after 50-km SSMF transmission at ROP =
− 2 dBm, where the bandwidth of the ELPF is 5.5-GHz. 
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