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Statistical Properties of Stimulated Raman Crosstalk
in WDM Systems

Keang-Po Ho, Member, IEEE

Abstract—The crosstalk variance of stimulated Raman
crosstalk in wavelength-division-multiplexing (WDM) systems is
derived analytically in a closed-form formula for all systems with
different walkoff length. The probability density function (pdf) of
stimulated Raman crosstalk is found to be lognormal distribution
(Gaussian distribution in decibel scale). Both power penalty and
power limit induced by Raman crosstalk are evaluated and can be
applied to single- and multispan WDM systems.

Index Terms—Fiber nonlinearities, noise statistics, stimulated
Raman scattering (SRS), wavelength-division multiplexing
(WDM).

I. INTRODUCTION

OPTICAL networks using wavelength-division-multi-
plexing (WDM) technology are going to revolutionize

broadband networks by fully utilizing the enormous bandwidth
in an optical fiber. However, stimulated Raman scattering (SRS)
[1]–[10] may limit the performance of a WDM system. SRS
in WDM systems induces interchannel modulation between
each WDM channel by either power depletion or amplification.
The launched power into the system is limited because of these
Raman crosstalk effects.

The effects of SRS to WDM systems were first discussed in
[1] and [2] for maximum power depletion regardless of fiber
dispersion, and [3] with fiber dispersion. The optical power
limits were evaluated by the worst-case assumption that all
WDM channels are synchronized and transmitted at ONE level
simultaneously [2], [5]. When random nature of signal modula-
tion was taking into account, the crosstalk variance is reduced
for dispersion-shifted fiber (DSF) without pulse walkoff [6],
and for highly dispersive fiber with serious pulse walkoff [9].
While most of the papers [1]–[7], [9], [10] assumed negligible
signal cross-coupling, negligible pump depletion and/or con-
stant Raman coupling coefficient for a weak signal power, the
evolution of SRS induced power variation was studied in [8]
for the general case, but with unmodulated channel.

While simple power depletion or amplification can be equal-
ized using optical filter [9], [11], the crosstalk variance degrades
the system performance. Although the crosstalk variance could
be evaluated accurately for DSF [6], its evaluation for dis-
persive fiber depends on the assumption that the number of
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equally important adjacent bits of adjacent channels that have
appreciable SRS interaction over each fiber span is approx-
imately given by , where is the effective
nonlinear length and is the walkoff length. Although
that assumption could provide useful result [9], due to fiber
attenuation, it is obvious that the first bit and the last bit
within the effective nonlinear length contribute differently to
the crosstalk variance. Furthermore, the formulae of [9] are
not able to generalize to system with long walkoff length
because cannot equal to zero in practical systems. An
exact analytical expression is derived here to find the crosstalk
variance in either time or frequency domain. The expression
can be applied for WDM systems with any walkoff length.
Simple formulae are also derived as a good approximation
for the crosstalk variance for systems with either very short
(high dispersion) or long (low dispersion) walkoff length.

To study the SRS induced performance degradation for
a WDM system, the probability density function (pdf) of
SRS-induced crosstalk is essential. The pdf was given in [6]
and [9], [10] for DSF and dispersive fiber, respectively. The pdf
was found approximately Gaussian distribution in decibel scale
(lognormal distribution in linear scale, see Appendix A) for
DSF [6], no method is provided to find the parameters of the pdf
until [9] by the same authors. The lognormal distribution was
approximated by Gaussian distribution in [9] for performance
evaluation. Being very accurate for dispersive fiber, without
an analytical expression, the pdf of [10] requires extensive
numerical calculation to evaluate. This paper verifies that the
pdf of SRS induced crosstalk is lognormal distribution, or
Gaussian distribution in decibel scale. The power penalties due
to Raman crosstalk are also evaluated.

The remaining parts of this paper will first derive formulae
for crosstalk variance and then study the power penalty induced
by Raman crosstalk.

II. CROSSTALK VARIANCE

This section will derive the crosstalk variance first for the sim-
plest case of a two-channel system and then for an-channel
system.

A. Two-Channel Pump and Stakes Waves

For the simplest case of a two-channel system, the propaga-
tion of the pump and Stokes waves in terms of optical power is
governed by two coupled equations [3], [4], [8]–[10], [12]. Sim-
ilar to [1]–[7], [9], [10], [12], we assume negligible signal cross-
coupling and pump depletion. The evolution of pump power is
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given by [3], [10]

(1)

where and are the power of the pump and Stokes waves,
respectively, is the fiber attenuation coefficient, ,

is the walkoff parameter where and
are the group velocity of Stokes and pump waves, respectively,

where represents the slope
of the Raman gain profile, is the frequency separation of
the two channels, is the effective cross-sectional area of
the fiber. The Raman gain is also assumed to vary linearly with
frequency separation as long as the spectral separation below
certain limit [2], [5], [6], [8], [9], [12]. The Raman gain is di-
vided by 2 to account for polarization averaging. In dispersive
fiber, , where is the dispersion coefficient and

is the wavelength separation. The expression of
(1) also assumes that fiber dispersion just induces pulse walkoff
but no pulse distortion [3], [4], [7], [9], [10], [12]–[14]. If a
system is modulated by random binary data, the Stokes wave
is

(2)

where are random binary data, is the pulse
shape, and is the bit interval. The walkoff distance is given by

(3)

If we consider only when is at ONE level, ignore all
constant factors, from (1), where

(4)

and

(5)

If is rectangular pulse, see Appendix B, the mean and
variance of can be evaluated in either time or frequency
domain by

(6)

(7)

where is the Fourier transform of . With some cal-
culation similar to that in [7], [13], [14], at the end of a fiber
distance of , we get

(8)

where is the Fourier transform of . From (6)

(9)

Fig. 1. The ratio of crosstalk standard deviation to mean� =� as a function
of walkoff lengthL . The fiber loss coefficient is� = 0:2 dB/km, the fiber
distance isL = 75 km, and the pump channel is rectangular nonreturn-to-zero
(NRZ) pulse stream.

where is the average launched power and the nonlinear ef-
fective length is .

In some papers [1]–[5], [8], the mean of in (9) may be
defined as the power penalty. In practice, the value ofis the
maximum peak-to-peak Raman crosstalk. With optical filters to
equalize the power of all WDM channels, only the variance of

is relevant to the performance of the WDM systems.
Without making any physical assumption but simply fol-

lowing some algebra, we have:
Case 1: Walk-off length is very large.
For the example of DSF with large walkoff length

(10)

which is the same as [6], [9]. For (10), is evaluated by using
in (8).

Case 2: Walk-off length is very small.
For a highly dispersive fiber with small (or large and

a long distance fiber having larger than unity, in (8) is
a low-pass signal having 3-dB bandwidth approximately equal
to . Form Appendix B, for large

(11)

or

(12)

which is approximately equal to that of [9] except a factor of
.

Fig. 1 shows the ratio of crosstalk standard deviationper
channel to crosstalk mean as a function of walkoff length

. In addition to the exact values of (7), Fig. 1 also shows the
approximated values given by (10) and (12). The approximation
of (12) for short walkoff distance is accurate for less than
10 km. The approximation of (11) is valid for larger than
200 km. Therefore, we may conclude that the model of [6] is
precise for larger than 200 km and that of [9] for dispersive
fiber, after small modification, is good for less than 10 km.
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Fig. 2. The ratio of crosstalk standard deviation to mean� =� as a function
of number of channels of a WDM system.

The model of [9] for dispersive fiber may not provide a pre-
cise estimation for crosstalk variance in some practical systems.
For example, the approximation of (12) may not accurate for a
2.5-Gb/s system in standard single-mode fiber (SMF) of

ps/km/nm having nm, or in nonzero dis-
persion-shifted fiber (NZDSF) of ps/km/nm having

nm. However, the approximation of (12) can be
used as a worst-case estimation of crosstalk variance. The exact
model of (7) is valid for various systems, from highly dispersive
to zero-dispersion fiber.

B. -Channel WDM Systems

In an -channel WDM system, the channel with the shortest
wavelength has the largest power depletion and also the highest
crosstalk variance. The overall crosstalk variance, denotes as

, can be evaluated by the summation of the crosstalk variance
induced by all WDM channels. The walkoff parameter in
(8) for the th adjacent channel is , where is the
wavelength separation between adjacent WDM channels. For a
multichannel WDM system, without changing the symbol, the
walkoff length is defined as

(13)

for the channel separation between adjacent channels.
The overall mean power depletion is given by [1], [2], [5],

[6], [9]

(14)

where and is the frequency separation
of adjacent WDM channels.

For the extreme cases, we have:
Case 1: Walk-off length is very large.
For the example of DSF with large walkoff length , sim-

ilar to [9], from Appendix B, we get

(15)

Fig. 3. Probability density of SRS induced crosstalk.

Case 2: Walk-off length is very small.
For small , from Appendix B, we get

(16)

which is approximately equal to that of [9] in which a factor of
2 was taken into account without detail explanation.

Fig. 2 shows as a function of number of channels of a
WDM system, using the exact model and the approximation of
(16). The fiber link is the same as that in Fig. 1. The walkoff
lengths in Fig. 2 are 250, 125, 62.5, 31.3, 15.6, and 7.8 km.
Those walkoff lengths correspond to typical 2.5- and 10-Gb/s
WDM systems using SMF or NZDSF, with frequency spacing
of GHz, 100 GHz, 200 GHz, etc. For examples, the
walkoff length of 250 km is for a 2.5-Gb/s WDM system, using
NZDSF with ps/km/nm and channel separation of 0.4
nm (frequency separation of 50 GHz for 1.55m system); the
walkoff length of 7.8 km corresponds to a 10-Gb/s system, using
standard fiber with ps/km/nm and channel separation
of 0.8 nm (frequency separation of 100 GHz).

From Fig. 2, the expression of (16) has no significant differ-
ence with the exact model for highly dispersive fiber or when the
number of WDM channels increases. The expression of (15) for
DSF fiber is a good approximation of fiber with small dispersion
and small number of channels, for example, km and

.
The accuracy of (16) improves with the increase of dispersion

and number of channels. The increase of dispersion and the de-
crease improves the accuracy of (12) as shown in Fig. 1.
When the number of channels increases, the wavelength sepa-
ration of the farther channels increases. The Raman crosstalk
of those farther channels can be predicted by (12) more accu-
rately because of smaller walkoff length. Those farther chan-
nels also induce larger Raman crosstalk variance than the closer
channels because Raman gain is approximately linearly increase
with wavelength separation.

C. Dispersion Compensated Multispan WDM Link

A long-distance fiber communication system usually has
many fiber spans. Erbium-doped fiber amplifiers (EDFA) are
used in each fiber span to compensate for fiber loss. Usually,
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Fig. 4. Raman crosstalk induced power penalty as a function of crosstalk
standard deviation� .

each fiber span has the same configuration. The optical power
difference due to SRS can be equalized by using optical filters
[9], [11]. A multispan fiber link requires dispersion compensa-
tion to combat dispersion induced pulse distortion. Dispersion
compensator with proper design can induce no fiber nonlinear-
ities to the system, for example, by using low launched power
to the dispersion compensation fiber (DCF). While we may
extend our model to include SRS in DCF, without loss the
insight to the problem, we assume that dispersion compensator
induces no SRS.

Like Section II-A, a two-channel pump and Stoke wave
system can be considered first. For an-span fiber system,
following the deviation from (1) to (4), at the output of theth
fiber span, the corresponding expression of (4) is

(17)

where

(18)

where is the same as that defined in (5), and
is uncompensated pulse walkoff per fiber span,

where and are the walkoff parameter and length of the
dispersion compensator, respectively. The signs ofand
are opposite for dispersion compensation. For perfect dispersion
compensation, .

The Fourier transform of is

(19)

The crosstalk variance can be evaluated by substitute (19) to
(7). For a bound of the crosstalk variance of (7), we get

(20)

The equality of (20) can be achieved with perfect dispersion
compensation of . We may conclude from (20) that

perfect dispersion compensation is the worst case for crosstalk
accumulation. From (7), the crosstalk variance afterspans is

(21)

Generalized the expressions (17)–(21) to a multichannel
WDM system, we may conclude that the crosstalk variance is
accumulated span after span in a multispan WDM link with
perfect dispersion compensation representing the worst case.
With perfect dispersion compensation, the crosstalk variance
from an -span WDM link with launched power of per
span per channel is identical to the crosstalk variance from
a single WDM system having launched power of per
channel.

III. SYSTEM PERFORMANCE

The crosstalk variance in previous section is only one of the
parameters for Raman crosstalk. The exact pdf of the Raman
crosstalk is required to evaluate the performance degradation.

A. Probability Density Function

From Appendix A, for many random variables multiple to-
gether, the pdf of Raman crosstalk can be well approximated by
lognormal distribution, especially in highly dispersive fiber or
with large number of WDM channels. Lognormal distribution
in linear scale is the same as Gaussian distribution in decibel
scale. Usually, the summation or multiplication of more than
ten independent random variables render the validity of central
limit theorem. A simulation is performed to find the required
condition to validate the lognormal pdf

Fig. 3 shows the pdf for three walkoff lengths of ,
and 64 km with , and 21 WDM channels. The fiber
link is identical to that in Fig. 1. The pdf is shown for the worst
channel having the smallest wavelength. The average optical
power and wavelength separation is chosen such that the mean
crosstalk is 0.1 dB, i.e., dB. The solid curves are the
lognormal pdf with parameters given by (14) and Fig. 2. In the
region of short walkoff length, for example, km, the
pdf is very close to lognormal distribution even for . For
all walkoff lengths, the pdf is well approximated by lognormal
distribution as the increase of the number of WDM channels.
The crosstalk variance decreases as the increase of number of
channels.

Using the concept of [9], we may define the number of adja-
cent bits of adjacent channels that have appreciable SRS interac-
tion is approximately given by . When
the total number of bits from all channels to interact with the
channel having the smallest wavelength is larger than 10, the
pdf in Fig. 3 can be well approximated by lognormal distribu-
tion.

B. System Penalty

Depending on whether the system uses optical filters to
equalize the power level, system penalty can be defined differ-
ently [9]. In this paper, we always assume that optical filters
are used for power equalization.

Raman crosstalk induces waveform distortion when a signal
of ONE level is transmitted. Using the lognormal distribution,
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, from Appendix A, the bit-error-rate (BER) of a system
with Raman crosstalk is

erfc

erfc (22)

where is the decision level, is the standard deviation of
Gaussian noise, and erfc denotes the complementary error
function. The first term of (22) is for BER at ZERO level and the
second term is for BER at ONE level. Without Raman crosstalk,
with decision level at , the system requires

to achieve a BER = , where is the mean
optical level at ONE level. With Raman crosstalk, the system
requires a larger value of for BER = and can be
defined as power penalty.

Depending on the decision circuit, the decision level of (22)
can be set at the middle of the eye diagram, i.e., , or op-
timized for minimum BER, i.e., . Setting the decision
level to zero for an ac-coupled receiver can function as setting
the decision level at the middle of the eye diagram. To find the
decision level to optimize for minimum BER is more compli-
cated, especially for a time-varying channel requiring adapta-
tion.

Fig. 4 shows the Raman crosstalk induced power penalty as
a function of crosstalk standard deviation . From Appendix
A, the crosstalk standard deviation of lognormal distribution is
the only relevant parameter for system performance. Fig. 4 also
shows the power penalty provided by approximating the log-
normal distribution by Gaussian distribution [9], given by1

(dB) (23)

Fig. 4 shows that, at the same level of crosstalk, setting the
decision level at the middle of the eye diagram provides the
largest power penalty. Because the power penalty of (23) also as-
sumes optimal decision level, from Fig. 4, Gaussian approxima-
tion overestimates the power penalty comparing with the exact
model of (22) with optimal decision level.

The limitation of the crosstalk standard deviation may be
defined as that for a power penalty of less than 1 dB. The corre-
sponding crosstalk standard deviation is , 0.33, and
0.40 dB for the exact model , Gaussian approxima-
tion, and exact model . Using more complex decision
circuit, optimal decision level can tolerate 60% higher crosstalk
level than a middle decision level.

The Gaussian approximation has a fundamental limit of
dB (1/6 in linear scale) which can be derived

obviously from (23) for a power penalty approaching infinity.
From Appendix A, the fundamental limit of setting the decision
level at the middle of the eye diagram is dB.

1This power penalty expression is different with that in [9]. Using Gaussian
approximation for lognormal distribution, the systemQ-factor is

Q =
�

� + � + �

and the power penalty forQ = 6 can be derived accordingly using (A6) for� .

There is no fundamental limit for the exact model with optimal
decision level.

C. System Bounds

Without power equalization, Chraplyvy [5] provides a system
bound of

GHz W (24)

Using our symbol, the bound of (24) is for the requirement of
dB.

For system with power equalization, with the requirement of
dB, Fig. 2 can be used to find the power bound of

the system. Assuming the following parameters: ps
for a 2.5-Gb/s system, ps/km/nm for NZDSF,
nm or GHz, as the channel number, the
calculation is following:

1) evaluate km, select the corresponding curve
in Fig. 2;

2) from , find from Fig. 2 that ;
3) for dB, dB;
4) using the relationship of ,

dBm.
Note that the requirement becomes dBm for
-span fiber system as from Section II-C. The WDM systems

can have no more than 14 fiber spans if the system has a power
of 0 dBm per channel, corresponding to a total power of 18 dBm
per span.

For the extreme cases, we have
Case 1: Walk-off length is very large.
For the example of DSF with large walkoff length , from

(15), after some algebra,

GHz W (25)

Case 2: Walk-off length is very small.
For small , after some algebra using (16),

GHz W (26)

The expression of (25) may be valid just for DSF. Depending
on number of channels, the validity of (26) may be verified from
Fig. 2. In general, the expression of (26) is valid for system using
standard fiber with ps/km/nm and can be used as a
worst-case system bound. From the discussion of Section II-C,
the bounds of (25) and (26) can also apply to-span WDM
systems by replacing with .

IV. CONCLUSION

The probability density function of SRS induced crosstalk
is verified to be well approximated by lognormal distribution.
When constant gain or loss is equalized, crosstalk ratio,
power penalty, and power limit depend only on the crosstalk
variance. An exact analytical expression is derived to evaluate
the crosstalk variance, valid from highly dispersive to DSF.
Using lognormal distribution, power penalty provided by SRS
crosstalk is evaluated. The crosstalk standard deviation must
be less than 0.4 dB for a power penalty less than 1 dB. With
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the requirement of dB, power bounds for various
system can be found and applied to single- and multispan
WDM systems.

APPENDIX A
LOGNORMAL DISTRIBUTION

The lognormal distributed random variable,, is generated
from a Gaussian random variable,, by the following transfor-
mation [15]:

(A1)

The pdf of lognormal random variable is given by

(A2)

where , are the mean and standard deviation of the
Gaussian random variable, respectively. The parameter
is called theshapeparameter of lognormal distribution [15]
and is defined as the crosstalk variance in this paper. It
is obvious that a lognormal random variableis Gaussian
distributed in decibel scale. Fig. 3 shows that the simulated pdf
approaches lognormal distribution as the increase of channel
number or fiber dispersion.

When many independent random variables are added to-
gether, the random variable for the summation is Gaussian
distributed from the central limit theorem [16]. If many inde-
pendent random variables multiple together, say .
It is obvious that is Gaussian
random variable because it is the summation of many indepen-
dent random variables. From (A1),is lognormal distribution.
Because Raman crosstalk to a channel from many other WDM
channels is the multiplication of the SRS from all bits that
interact with the specific channel, the pdf of Raman crosstalk
is lognormal distribution.

When a WDM channel is affected by SRS crosstalk, the av-
erage optical power is the mean value of given by [15]

(A3)

The variance of a lognormal distributed random variable
is [15]

(A4)

The crosstalk ratio can be defined as the ratio of crosstalk
standard deviation to the average optical power:

(A5)

For small crosstalk of dB, . The approx-
imation of

(A6)

was used in [9].
If the detection threshold is always at the middle of the eye

diagram, i.e., , the probability of error without other noises

is Pr . After some algebra, for BER less than ,
the requirement is

(A7)

corresponding to

dB (A8)

From (A5) and (A8), both crosstalk ratio and fundamental
system limits depend only on the shape parameter. While the
pdf is well approximated by lognormal distribution, methods to
evaluate are essential to use the pdf for system performance
evaluation.

APPENDIX B
DEVIATION OF CROSSTALK VARIANCE

Here we provide the deviation of some expressions in Sec-
tion II.

1) Deviation of (6): Ignore the constant time-difference of
, the crosstalk term of (4) becomes

(B1)

that is independent of distance and a cyclostationary random
process with period of . The crosstalk of (B1) is similar to
a digital pulse-amplitude modulation (PAM) signal [17]. The
mean value of is

(B2)

where . Exchanging the integration and summa-
tion, we get

(B3)

Using properties of Fourier transform, the full expression of
(6) can be derived.

2) Deviation of (7): As a cyclostationary process, the vari-
ance of is

(B4)

The power spectrum of , from [17], is

(B5)
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where is the Fourier transform of ,
, and . Using the rela-

tionship of power spectrum and autocorrelation function [17],
we get

(B6)

Using (B4) and (6), we get

(B7)
The expression of (B7) is simplified because is

an even function. If is nonreturn-to-zero (NRZ) rectan-
gular pulse with , from (8),

, , and the expression of (7) can
be derived. The second term of (B7) is usually very small for
other nonrectangular pulse shape because is a low-pass
response.

3) Deviation of (11): If is a rectangular pulse from 0 to
, at low frequency . From (7), the crosstalk

variance is

(B8)

Using the relationship of (3) and , the
simplification of (B8) gives (11).

4) Deviation of (15) and (16):For long walkoff length of
, using (10), we get

(B9)

where is the variance from theth adjacent channels and
. Using from (B9) and (13), the

expression of (15) can be derived.
For short walkoff length of per channel separation, the

walkoff length of th adjacent channel is . Using (11),
we get

(B10)

The expression of (16) comes directly from (B10) and (14).

Note that both (B9) and (B10) assume that Raman gain lin-
early increases with channel separation.
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