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Abstract—We propose a carrier frequency offset estimation
(FOE) algorithm based on eighth-order statistics for optical
quadrature amplitude modulation (QAM) signals. The FOE
algorithm does not involve fast Fourier transformation and can
be implemented by hardware with little memory and computation
resources. Simulation results show that in a 10.709-GBaud/s
optical 16-QAM system, carrier frequency offset ranging between
1.25 GHz can be estimated with a uniform standard deviation

of 2 MHz when the optical signal-to-noise ratio is 17 dB and
symbols are utilized.

Index Terms—Coherent detection, frequency estimation, optical
fiber communication, quadrature amplitude modulation (QAM).

I. INTRODUCTION

T HE ever growing demand for high-speed data transmis-
sion is one of the major factors that fuel the development

of high-capacity optical fiber communication systems and net-
works. To make most use of transmission links that have already
been deployed, system capacity can be upgraded by utilizing
multilevel modulation formats. Succeeding M-ary phase shift
keying (M-PSK), quadrature amplitude modulation (QAM) is
a promising modulation format to economically increase the
number of bits carried by each symbol [1], [2].
To avoid using complex optical phase locked loops, in most

cases optical QAM signal is coherently detected with an optical
local oscillator (OLO) running independently from the trans-
mitter laser. Therefore, the phase noise of the optical carrier
needs to be estimated and compensated before symbol decision.
Unfortunately, the tolerance of carrier frequency offset for most
carrier phase estimation (CPE) algorithms is limited, for ex-
ample decision-directed CPE for 14-GBaud/s 16-QAM signal
can only tolerate a frequency offset of 100 MHz [2]. Hence it is
preferable to estimate and compensate carrier frequency offset
prior to CPE so that the requirement of the center frequency
alignment between the transmitter laser and the OLO can be re-
laxed [3]–[8].
Without training symbols, optical carrier frequency offset es-

timation (FOE) can be performed by comparing phases of co-
herently detected adjacent symbols after data modulation re-
moval, which can be performed by th power operation [3],
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modulus operation [4], or predecision [5] for optical M-PSK
signals. However, for optical QAM signals data modulation re-
moval is difficult because the phases representing data modula-
tion are no longer equally distributed between 0 and . Never-
theless, carrier FOE for optical QAM signals can be performed
by searching the maximum of the periodogram of the samples
after 4th power operation [6], [7] , or by searching the max-
imum of the periodogram of the samples’ argument after se-
lective rotation [8], both involving fast Fourier transformation
(FFT) which consumes considerable memory and computation
resources when implemented with hardware such as field pro-
grammable gate array (FPGA).
In this letter, we propose a carrier FOE algorithm based on

eighth-order statistics for optical QAM signals. Compared with
the algorithms based on periodogram, the algorithm consumes
substantially less memory resources because the statistics can
be computed based on current and the last symbols and no other
symbols need to be buffered. Since the algorithm does not re-
quire large-scale parallel computation, it also consumes less
computation resources, albeit at the expense of larger number
of symbols used.

II. FOE ALGORITHM AND SIMULATION SETUP

The FOE algorithm is based on the blind CPE algorithm pro-
posed by Cartwright [9]. For optical QAM signal the th coher-
ently detected and dispersion compensated symbol before FOE
can be represented by

(1)

where is the transmitted symbol,
is the Gaussian additive noise, and is the phase

difference between the optical carrier and the OLO, respec-
tively. If we write

(2)

and under the assumptions that

(3)
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the expectation of would be [9]

(4)

in which

(5)

Since the dispersion has been fully compensated, we can further
assume and are statistically independent. The ex-
pectation of would be

(6)

Thus we can derive the carrier frequency offset estimator as

(7)

where is the symbol duration.
The above assumptions are valid for 16-QAM signals even

when the differential encoding scheme in [1] is used. Noting
that the probability associated with each point in the constel-
lation remains to be the same when the differential encoding
scheme is used, assumptions in (3) can be easily verified. As for
statistical independence of and , we only need to
show that and are statistically independent. This
can be verified by calculating marginal distributions as well as
joint distribution of and , bearing in mind that the
transition between any pair of and is equally prob-
able.
We evaluate the performance of the FOE algorithm in a

10.709-GBaud/s optical 16-QAM system by simulation. In
the transmitter two random quaternary sequences generated
by MATLAB are combined and differentially encoded before
being modulated on a transmitter laser with 100-kHz linewidth
to generate optical 16-QAM signal. Dispersion impairments are
not considered because they are supposed to be compensated
before FOE. Amplified spontaneous emission (ASE) noise
is added to adjust the optical signal-to-noise ratio (OSNR).
After passing through a 50-GHz second-order super-Gaussian
optical bandpass filter (OBPF), the optical signal is coherently
detected with an OLO of 100-kHz linewidth. We assume the
receiver has fifth-order Bessel low-pass characteristics and its
3-dB bandwidth is 9 GHz. Finally carrier FOE is performed
and the mean and standard deviation (STD) of its error
are calculated based on 500 runs of simulation.

III. SIMULATION RESULTS

We first simulate the case when the carrier frequency offset
is fixed to 500 MHz and the optical signal is not distorted by
dispersion. Figs. 1(a) and 1(b) show the estimated mean and
STD of the FOE error as functions of the number of sym-
bols utilized when the optical signal is not contaminated by
ASE noise. Calculated with Monte Carlo simulation, the esti-
mated and are random variables which converge to the
corresponding true values with probability one as the number of

Fig. 1. Estimated (a) mean and (b) STD of the FOE error as functions of the
number of symbols utilized when the optical signal is free of ASE noise; esti-
mated (c) mean and (d) STD of the error as functions of the OSNR.

runs of simulation approaches infinity. The difference between
the estimated and curves for laser linewidths of up
to 1 MHz is negligible, while the curves for laser linewidth of
10 MHz are for reference only. When the laser linewidth is less
than or equal to 1 MHz, is less than 500 kHz, which can
be neglected with regard to the frequency offset tolerance of
the CPE algorithms. As the number of symbols increases by a
factor of four, reduces by half. This coincides with the fact
that the variance of the average of a set of uncorrelated and iden-
tical distributed random variables is inversely proportional to
the number of the random variables. With symbols is
roughly 1.3 MHz for a laser linewidth of less than or equal to
1 MHz. Figs. 1(c) and 1(d) show the estimated and as
functions of the signal OSNR. When symbols are utilized

ranges between kHz as the OSNR varies
from 14 dB to 22 dB, which indicates that does not increase
significantly when the ASE noise is included. For the case of
symbols, due to the larger variance of the FOE error, 500 runs
of Monte Carlo simulation is inadequate to provide an accurate
estimation of its distribution. rises with decreasing OSNR
and a roughly 50% increase of can be observed when the
OSNR falls from infinity, shown in Fig. 1(b), to 17 dB, which
corresponds to bit error rate [1]. Increasing the number of
symbols by a factor of four still reduces by half.
We then simulate the case when the optical signal is distorted

by chromatic dispersion (CD) or differential group delay (DGD)
and show the results in Fig. 2. In the simulation the carrier fre-
quency offset is still 500MHz, the OSNR is 17 dB, and sym-
bols are utilized for the carrier FOE. Due to the distortion of the
constellation points by dispersion, drifts at the presence of
CD and DGD. When the CD is between ps/nm varies
between MHz, and is within MHz for a DGD up
to 50 ps. is less sensitive to the dispersion, and it is less than
4MHz and 2.5 MHz in the aforementioned CD and DGD range,
respectively.
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Fig. 2. Estimated (a) mean and (b) STD of the FOE error as functions of the
CD; estimated (c) mean and (d) STD of the error as functions of the DGD.

Fig. 3. Estimated (a) mean and (b) STD of the FOE error as functions of the
carrier frequency offset.

Fig. 3 shows and as functions of the carrier frequency
offset when the OSNR of the optical signal is 17 dB and
symbols are utilized. As the carrier frequency offset varies be-
tween GHz remains to be around 2 MHz, but it rises
abruptly when the carrier frequency offset approaches
and GHz . This is because the range of
the estimator in (7) is and the estimated car-
rier frequency offset will be wrapped if it is out of the range.
When the carrier frequency offset varies between GHz
changes slightly. Confirmed by simulation results that are not
shown here due to limited space, this variation is because the
positive frequency and negative frequency parts of the signal
are asymmetrically filtered when the carrier frequency offset is
not zero. Nevertheless, is within kHz and the effect
on the following CPE can be neglected. The estimated when
the carrier frequency offset approaches and is not
shown in Fig. 3(a) because its magnitude is too large.
Finally we estimate and compare the hardware resource re-

quirement of the FOE algorithm based on periodogram and that
of the proposed FOE algorithm. Assuming the radix-2 burst
I/O architecture [10], the FOE algorithm based on -point pe-
riodogram would need memory to store real numbers for
the samples and roughly real numbers for the phase fac-
tors. Since the FFT core includes butterflies, each of which
has four real multipliers and six real adders, the FOE algo-
rithm based on -point periodogram would require real
multipliers and real adders. In addition, the FOE algorithm

based on -point periodogram needs switches to dynamically
configure the butterflies for different stages in the transforma-
tion. As for the proposed FOE algorithm, we assume a par-
allel-pipeline architecture which can finish processing the sam-
ples right after they have been received. When the number of
the parallel branches is , the proposed algorithm would need
memory to store real numbers for intermediate results and
two real numbers for the estimator. Since in each parallel branch
13 real multipliers and 7 real adders are needed, the proposed
algorithm requires a total number of real multipliers and

real adders. As can be seen from above, when the number
of samples to be processed increases, the FOE algorithm based
on periodogram needs more hardware resources; while for the
proposed algorithm the required hardware resources is fixed, but
a longer waiting time is needed.

IV. CONCLUSION

We have proposed and investigated a simple FOE algorithm
based on eighth-order statistics for optical QAM signal. When
implemented with hardware such as FPGA, the algorithm con-
sumes substantially less memory and computation resources
than the algorithms based on periodogram. Simulation results
show that utilizing symbols of a 10.709-GBaud/s optical
QAM signal with 17-dB OSNR, the FOE algorithm can achieve
a uniform 2-MHz STD of the FOE error when the carrier fre-
quency offset varies between GHz. The carrier FOE
algorithm is a competitive candidate for the implementation
of carrier FOE in QAM optical coherent receivers, especially
when the hardware resources is limited.
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